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Abstract
This paper presents a multiple criteria decision support approach in order to build a
ranking and suggest a best choice 2 on a set of alternatives. The partial evaluations
of the alternatives on the points of view can be fuzzy numbers. The aggregation
is performed through the use of a fuzzy extension of the Choquet integral. We
detail how to assess the coefficients of the aggregation operator by using alternatives
which are well-known to the decision maker, and which originate from his domain
of expertise.
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1

Introduction

This paper presents a multiple criteria decision support approach which aims
at building a ranking and a best choice recommendation on a set of alternatives
A. The work is based on a multiple criteria sorting procedure proposed in [12]
and later in [13]. Here we present an extension to the general case where
alternatives are described by fuzzy partial evaluations. In real life problems,
this extension can be very useful, as very often it is difficult to determine an
exact value for alternatives on certain points of view.
2
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A best choice is a subset of alternatives which can be considered as the best ones
Corresponding author. Email: patrick.meyer@uni.lu

Preprint submitted to Elsevier Science

3 January 2006

As an example one can consider the hypothetical problem of the localisation
of a large factory in a country. The alternatives represent different areas and
among the points of view one can find for example the number of direct and
indirect working places which will be created. It seems obvious that for most
of the areas it will be hard to determine their exact evaluation on this point of
view. Nevertheless, it is probably possible to determine a range of values which
may apply with more or less credibility. This small example shows that the
use of imprecise information as evaluations can be useful in a lot of situations.
One possible way to represent such imprecise information is by fuzzy numbers.
In particular, in the context of multiple criteria decision support, it can be
quite useful to consider trapezoidal or triangular fuzzy numbers (see Section
2) for the partial evaluations.
We briefly recall general results in Section 2 and focus on trapezoidal and
triangular fuzzy numbers. Then, in Section 3 we present the context of the
multiple criteria decision support problem we are dealing with here. Section 4
recalls a few results on the aggregation by means of a Choquet integral. Later,
in Section 5 we show how to extend the Choquet integral [4] by Zadeh’s
extension principle [20]. In Section 6 we present 2 possible rankings and a
best choice procedure on the alternatives of A. An important point is dealt
with in Section 7 where we show how to assess the coefficients of the Choquet
integral from well-known alternatives.

2

Preliminary considerations

In this Section, we first recall general concepts on fuzzy sets, fuzzy numbers
and possibility distributions. In 1965, Zadeh [20] introduced the concept of
fuzzy set to be able to represent and manipulate data which have nonstatistical
uncertainty or in case of impreciseness. Let X be a classical set. A fuzzy set
Ye in X can be defined by its membership function
µYe : X → [0, 1].

For x ∈ X, µYe (x) = 0 means that x does not belong to Ye , µYe (x) = 1
represents the complete membership of x to Ye , and the values between 0 and
1 stand for intermediate memberships. We write Ye (x) = µYe (x) for the degree
of membership of the element x in the fuzzy set Ye , for each x in X.

The support Ye of a fuzzy set Ye of X is the crisp set of elements of X for which
the membership degree to Ye is non-zero,
Ye = {x ∈ X : Ye (x) > 0}.
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A fuzzy set Ye of X is said to be normal if there exists an element x in Ye for
which Ye (x) = 1. Let us call cl(Ye ) the closure of the support of Ye . An λ−level
set of a fuzzy set Ye of X is given by
[Ye ]λ =



 {x

∈ X : Ye (x) ≥ λ} if λ > 0


 cl(Ye )

if λ = 0

A fuzzy set Ye of X is said to be convex if [Ye ]λ is a convex subset of Ye for all
λ ∈ [0, 1].
A fuzzy number xe of R is a fuzzy set Ye in R that is normal, convex and has a
continuous membership function of bounded support. Let F be the family of
all fuzzy numbers. For a fuzzy number xe ∈ F we define
am (λ) = min[xe]λ ,

aM (λ) = max[xe]λ

We now can introduce the concept of possibility distributions by means of the
fuzzy numbers as defined in [20] and [21]. This allows to see fuzzy numbers as
possibility distributions. Let a, b ∈ R ∪ {−∞, +∞} with a ≤ b. The possibility
that xe ∈ F takes its value from the interval [a, b] is defined by
Pos(xe ∈ [a, b]) = max xe(x).
x∈[a,b]

In particular for λ ∈ [0, 1],
Pos(xe ≤ am (λ)) = max xe(x) = λ,
x≤am (λ)

Pos(xe ≥ aM (λ)) = max xe(x) = λ.
x≥aM (λ)

In [5] the authors write a fuzzy number in a very general way as

xe(x) =




L( a−x
)

α





1

if a − α ≤ x ≤ a,
if a < x ≤ b,




)
R( x−b

β




0

if b < x ≤ b + β,
otherwise,

where [a, b] is the peak of xe, L, R : [0, 1] → [0, 1] are upper semi-continuous and
non-increasing shape functions with L(0) = R(0) = 1 and L(1) = R(1) = 0
which are called side functions. The support xe is equal to ]a − α, b + β[. The
crisp numbers are particular cases of the fuzzy numbers. If xe ∈ F with xe = {a}
then xe is a crisp number.
A particular type of fuzzy numbers are the trapezoidal fuzzy numbers. They
can be very useful in the framework of multiple criteria decision support which
3

is presented in Section 3. A fuzzy number xe is called a trapezoidal fuzzy
number if its membership function can be written as



1−






1

xe(x) = 



1−





0

a−x
α

if a − α ≤ x ≤ a,
if a < x ≤ b,

x−b
β

if b < x ≤ b + β,
otherwise.

α and β are called the left and right width. We use the notation xe = (a, b, α, β).
One can show that [xe]λ = [a − (1 − λ)α, b + (1 − λ)β], for all λ ∈ [0, 1]. In the
particular case where a = b the fuzzy number is called triangular and a is said
to be the centre of xe.
In order to be able to use mathematical operations on the fuzzy numbers,
Zadeh [20] introduces the sup-min extension principle which allows to work
consistently with the crisp case. If xf1 , . . . , xfn ∈ F and f : Rn → R is a
continuous function, then the sup-min extension principle is defined by
f (xf1 , . . . , xfn )(y) =

sup
f (x1 ,...,xn )=y

min{xf1 (x1 ), . . . , xfn (xn )}, ∀y ∈ R.

It has been shown in [14] that f (xf1 , . . . , xfn ) is a fuzzy number.

In the following section we present the multiple criteria decision support problem which we aim at solving in this paper.

3

A particular multiple criteria decision support framework

Let A be a set of q alternatives and N = {1,. . . , n} be a label set of points of
view. The partial evaluation of each alternative for each point of view is made
on an interval scale. It accepts as admissible transformation function a positive
linear transformation (see [16]). Moreover the evaluations are supposed to be
commensurable. We can then suppose without any loss of precision that the
performance scale of each point of view is the closed continuous unit interval
[0, 1].
The particular case we are actually presenting here is where the evaluations
of the alternatives on the points of view are fuzzy numbers. This means that
each alternative x ∈ A can be identified with its corresponding fuzzy profile
x ≡ (xf1 , . . . , xfn ) ∈ [0, 1]n
4

where, for any i ∈ N, f
xi represents the partial evaluation of x on point of view
i.
In order to suggest a ranking of the alternatives of A to the decision maker,
one possible way is given below:
• Aggregate the partial evaluations of each alternative on the points of view
in a global evaluation,
• Order these global evaluations to obtain a ranking.
Classically the weighted sum is often used as an aggregation operator. This additive representation however implies preferential independence of the points
of view. One way to avoid this independence condition is to use the Choquet
integral [4,9] as an aggregation operator.
A further hypothesis has to be made here in order to be able to use Zadeh’s
extension principle. Let xf1 , . . . , xfn be fuzzy numbers. A fuzzy number ce of Rn
is called the joint possibility distribution of xf1 , . . . , xfn if it satisfies
ce(x1 , . . . , xn ) ≤ min{xf1 (x1 ), . . . , xfn (xn )} ∀xi ∈ R, i = 1, . . . , n.

Equivalently [ce]γ ⊆ [xf1 ]γ × . . . × [xfn ]γ for all γ ∈ [0, 1]. Fuzzy numbers f
xi ∈ F ,
γ
γ
i = 1, . . . , n are said to be non-interactive if [ce] = [xf1 ] × . . . × [xfn ]γ for
all γ ∈ [0, 1]. Zadeh implicitly supposes that the fuzzy numbers have to be
non-interactive in the extension principle.
In the sequel we suppose that the partial evaluations of the alternatives, represented by fuzzy numbers, are non-interactive (in the sense discussed above).
Nevertheless, this does not mean that the points of view cannot interact.
On the level of the points of view, different types of interactions can occur.
For example, one can have substitution 3 , complementarity 4 or preferential
dependence 5 . These types of interactions among the points of view can be
expressed by a Choquet integral (and clearly not by a weighted sum).
In the following section we present this aggregation operator which allows to
deal with interacting points of view, namely the Choquet integral.

3

The satisfaction of one point of view has almost the same effect as the satisfaction
of both.
4 The satisfaction of only one point of view is weak compared to the satisfaction of
both points of view.
5 Consider x, y ∈ A for which the evaluations on S ⊆ N are equal. The subset N \S
is preferentially independent of S if the preference of x over y is not influenced by
their common part on S.

5

4

The Choquet integral as an aggregation operator

Let us consider an alternative x ∈ A which is described by crisp partial evaluations xi , (i ∈ N). The Choquet integral of x is then defined by:
Cv (x) :=

n
X

x(i) [v(A(i) ) − v(A(i+1) )]

i=1

where v represents a fuzzy measure on N, that is a monotone set function
v : 2N → [0, 1] fulfilling v(∅) = 0 and v(N) = 1. This fuzzy measure merely
expresses the importance of each subset of points of view. The parentheses
used for indexes represent a permutation on N such that
x(1) ≤ . . . ≤ x(n) ,
and A(i) represents the subset {(i), . . . , (n)}, A(n+1) = ∅ by convention.
If points of view cannot be considered as being independent, the importance
of the combinations S ⊆ N, namely v(S) has to be taken into account.
The Choquet integral presents standard properties for aggregation [10,18,11]:
it is continuous, non decreasing, located between min and max.
The major advantage linked to the use of the Choquet integral derives from
the large number of coefficients (2n − 2) associated with a fuzzy measure.
On the other hand, this flexibility can also be considered as a serious drawback, especially when assigning real values to the importance of all possible
combinations.
Let us present an equivalent definition of the Choquet integral which will be
used in the context of fuzzy partial evaluations. Let v be a fuzzy measure on
N. The Möbius transform of v is a set function m : 2N → R defined by
m(S) =

X

(−1)|S|−|T | v(T ) (S ⊆ N).

T ⊆S

This transformation is invertible and thus constitutes an equivalent form of a
fuzzy measure. v can be recovered from m by using
v(S) =

X

m(T ) (S ⊆ N).

T ⊆S

This transformation can be used to redefine the Choquet integral without
reordering the partial scores:
Cm (x) =

X

T ⊆N

m(T )

^

(1)

xi .

i∈T
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A fuzzy measure is k-additive ([8]) if its Möbius transform m satisfies m(S) = 0
for S such that |S| > k and there exists at least one subset S such that |S| = k
and m(S) 6= ∅.
Thus, k-additive fuzzy measures can be represented by at most
efficients.

Pk

i=1

 
n
i

co-

For a k-additive fuzzy measure,
Cm (x) =

X

T ⊆N
|T |≤k

m(T )

^

xi .

i∈T

In order to be able to use fuzzy partial evaluations, we define the fuzzy extension of the Choquet integral in the following section.

5

A fuzzy extension of the Choquet integral

We can see that definition (1) of the Choquet integral in terms of a set function
m is a combination of functions which are continuous on R × R, namely the
addition (+), the multiplication (·) and the minimum (∧) functions.
By using the extension principle of Zadeh described in Section 2 one can
extend these three functions to their fuzzy versions.
e of the addition of two real numbers to two fuzzy
First of all, the extension +
numbers can be defined as
ex
f2 (y) = sup min[x
f1 (a), x
f2 (b)]
xf1 +
a+b=y

The result is a fuzzy number according to [14]. In particular, the sum of
two trapezoidal (resp. triangular) fuzzy numbers remains a trapezoidal (triangular) fuzzy number. Let us consider two trapezoidal fuzzy numbers xe =
(ax , bx , αx , βx ) and ye = (ay , by , αy , βy ). According to the definition of the sum
e ye = (ax + ay , bx + by , αx + αy , βx + βy ).
of two fuzzy numbers we have xe+
The multiplication, in our case, is a scalar multiplication of a fuzzy number
by a crisp number p ∈ R (a coefficient of m). p ˜· xe is such that
[p ˜· xf1 ]λ = p[xf1 ]λ

for any λ ∈ [0, 1]. Again, the result of this scalar multiplication is a fuzzy
number. In the particular case of a trapezoidal (triangular) fuzzy number,
7

the output remains a trapezoidal (triangular) fuzzy number. For a trapezoidal
number xe = (ax , bx , αx , βx ) we have pxe = (pax , pbx , pαx , pβx ).
e of the minimum of two crisp numbers becomes
Finally, the extension ∧
^
f

(xf1 , xf2 )(y) =

sup

min(a,b)=y

min[xf1 (a), xf2 (b)]

Again the result is a fuzzy number. But in the special case of trapezoidal
or triangular fuzzy numbers, the result no longer remains a trapezoidal or
triangular fuzzy number. The side functions become piecewise linear functions.
Figure 1 represents the minimum (bold dashes) of two fuzzy numbers.
1

Fig. 1. Minimum of two fuzzy numbers (bold dashes)

Now that we have presented the extensions of the operators needed to use the
Choquet integral as an aggregation operator for fuzzy numbers, we define the
fuzzy extension of the Choquet integral as
X
^
Cfm (x) = ] m(T ) ˜·]f
xi .
T ⊆N

i∈T

where m is the set function which is obtained by a Möbius transform of the
fuzzy measure v.
The Choquet integral of a vector of fuzzy partial evaluations is a fuzzy number. In case of partial evaluations which are trapezoidal or triangular fuzzy
numbers, the resulting fuzzy number has piecewise linear side functions.
It is obvious that this extension remains valid in the case of a k-additive fuzzy
measure. The definition can then be written
X
^
fi .
Cfm (x) = ] m(T ) ˜·]x
T ⊆N
|T |6k

i∈T

Let us consider a short example to show how the Choquet integral is calculated in case of triangular partial evaluations. This example is taken from [19]
8

(example 5.1).
Example 1 Let N = {1, 2}, v({1}) = 0.1, v({2}) = 0.2, v({1, 2}) = 1. In
terms of the set function m (the Möbius transform of v) defined previously
this problem can be rewritten as m({1}) = 0.1, m({2}) = 0.2, m({1, 2}) =
0.7. The partial evaluations are represented by the triangular fuzzy numbers
xf1 = (1, 1, 0) and xf2 = (0.5, 0, 1). The Choquet integral then becomes:
V
Cfm ((xf1 , xf2 )) = m({1}) ˜· xf1 +̃ m({2}) ˜· xf2 +̃ m({1, 2}) ˜· e (xf1 , xf2 )
V
= (0.2, 0.1, 0.2) +̃ 0.7 ˜· e (xf1 , xf2 )

:= se +̃ se′

V

where se = (0.2, 0.1, 0.2) and se′ = 0.7 ˜· e (xf1 , xf2 ). Figure 2 shows a few steps
f2 . (3) and (4)
of these calculations. (1) and (2) stand respectively for xf1 and x
represent se and se′ . Finally, (5) shows the aggregated value Cfm ((xf1 , xf2 )).
(1)
(2)
(3)
(4)

1

(5)

1

0.5

0.5

0

0.5

1.0

1.5

0

0.5

1.0

1.5

Fig. 2. Example 1: towards the aggregation

In [19] a fuzzy extension of the Choquet integral is presented, based on the
classical representation of the Choquet integral by means of a fuzzy measure. A
difficulty in that case is the ordering of the fuzzy numbers which is not needed
in our approach and is problematic in the case of non linear fuzzy numbers. A
numerical method is developed to estimate the value of the Choquet integral
using trapezoidal fuzzy numbers. The authors of [2] present an interval-based
Choquet integral to derive preferences on multicriteria alternatives.

6

Ranking the alternatives and determining a best choice

Let us suppose that the partial evaluations of the elements of A have been
aggregated into a fuzzy number for each alternative. We will see later in Section 7 how to determine the values of the coefficients of the fuzzy measure v
(or equivalently of its Möbius transform m). The global evaluations obtained
9

by the aggregation will allow us to determine a ranking or a best choice on
the set A which can be proposed to the decision maker.
To build such a ranking, we suggest two possibilities: a complete preorder, a
complete interval order. By means of a fuzzy preference digraph, we show how
to obtain a solution for the best choice problem. These three proposals are
described in the following three subsections.
To obtain the rankings we use the concept of possibilistic mean. Recall what
has been said in Section 2 and consider the membership function of a fuzzy
number xe as a possibility distribution. We then define the upper possibilistic
mean of xe by
+

M (xe) :=

Z1

aM (λ)dλ =

Z1
0

0

aM (λ)dPos(xe ≥ aM (λ))

and the lower possibilistic mean of xe by
−

M (xe) :=

Z1
0

am (λ)dλ =

Z1
0

am (λ)dPos(xe ≤ am (λ)).

The possibilistc mean of the fuzzy number xe is then defined by
1
M(xe) := [M+ (xe) + M− (xe)].
2

Figure 3 gives a representation of the upper possibilistic mean in terms of a
real number and a surface.
1

~
M +(x)

e): a number and a surface
Fig. 3. Representations of M+ (x

If we consider two fuzzy numbers xe and ye we can define the upper dominance
+

≥ of xe over ye by

+

xe ≥ ye ⇐⇒ M+ (xe) − M− (ye) ≥ 0.
−

Similarly one can define the lower dominance ≥.
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6.1 Ranking by a complete preorder
The definition of the possibilistic mean can be applied to the global evaluation
of an alternative x of A by means of the fuzzy extension of the Choquet
integral Cfm (x). Let x and y be two alternatives of A. A complete preorder is
then defined by the relation  (is not worse than):
x  y ⇐⇒ M(Cfm (x)) ≥ M(Cfm (y)).

(2)

It is possible to give a geometric interpretation to this relation. Let us consider
a situation with two fuzzy numbers xe and ye which represent the global evaluation of two alternatives x and y of A. These two fuzzy numbers define four areas
A1 , . . . , A4 as shown on figure 4. We see that A4 −A3 = M+ (xe)−M+ (ye) (upper
dominance) and A1 − A2 = M− (xe) − M− (ye) (lower dominance). Definition 2
1
A2

A4

~
x
~
y

A1

can then be rewritten as

A3

e to ye
Fig. 4. Comparing x

x  y ⇐⇒ A4 + A1 ≥ A3 + A2 .
This complete preorder proposal corresponds to the area compensation method
of Fortemps and Roubens [7].

6.2 Ranking by a complete interval order
This approach is based on the comparison of the intervals [M− (Cfm (x)), M+ (Cfm (x))],
for each x in A. Let I be a symmetrical relation, and P be an antisymmetrical
relation on A × A such that




xP y




yP x





 xIy

⇐⇒ M− (Cfm (x)) > M+ (Cfm (y))

⇐⇒ M− (Cfm (y)) > M+ (Cfm (x))

else.
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The relation (P, I) is an interval order. It is now possible to build a ranking
on the alternatives of A. The particularity of such an interval order is that the
associated indifference relation I is not transitive. For three alternatives x, y
and z of A it is possible to have the situation where xIy and yIz, but xP z.

6.3 Choosing in a fuzzy preference digraph

This proposal extracts a subset of alternatives which can be considered as
the ”best” ones. This subset is called a best choice recommendation and each
alternative which does not belong to the choice should be rejected. It is based
on a degree of credibility of the preference of one alternative on another one.
One can define this credibility as the possibility Π that an alternative x is not
worse than y (let’s write x  y) in the following way:
Π(x  y) = sup[min(xe(a), ye(b))].

(3)

a≥b

Figure 5 illustrates the meaning of this degree of credibility of the preference
of x over y (x, y ∈ A). h represents the height at the intersection of the two
fuzzy numbers xe and ye representing x and y. We have Π(x  y) = h and
1

~
y

~
x

h

Fig. 5. Degree of credibility of the preference of x over y

Π(y  x) = 1.
Roubens and Vincke [17] have shown that the credibility Π as defined in (3)
is a fuzzy interval order (a reflexive, complete 6 and Ferrers 7 valued relation)
and that it is min − max-transitive. If these credibilities are computed for each
pair of alternatives of A, it is possible to represent the problem as a valued
digraph where the nodes represent the alternatives and the arcs the valued
relation Π. This graph is called a fuzzy possibility digraph.
6
7

xΠy or yΠx for each x 6= y
wΠx, yπz ⇒ wΠz or zΠx
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Starting from this strongly complete relation Π, one can define a preference
relation by
P (x, y) = 1 − Π(y  x) ∀(x, y) ∈ A2 [6].
The associated digraph is called a fuzzy preference digraph. The goal is now
to extract some useful information from this digraph, in order to determine a
best choice among the alternatives of A. Let us first recall the concept of the
score of non-domination of an alternative x of A [15]:
ND(x) = 1 − max P (y, x).
y6=x

The core Y0 of A is a subset Y0 ⊂ A such that its elements all have a score of
non-domination of 1. In other words, Y0 = {x ∈ A|ND(x) = 1}. It has been
shown in [17] that the core of a fuzzy preference digraph is non-empty.
Y0 gives a solution to the best choice problem (the subset of best actions
among A).

6.4 On the calculation of the possibilistic means in practise
In real-life multiple criteria decision support problems, one can suppose that
the partial evaluations of the alternatives are given by trapezoidal or triangular
fuzzy numbers. Besides the objective can be to build the simplest possible
model, which means in our framework to use a k-additive Choquet integral
with k as low as possible.
Let us therefore suppose that the partial evaluations of an alternative x are
trapezoidal fuzzy numbers f
xi = (ai , bi , αi , βi ) (i ∈ N) and that we restrict to
a 2-additive Choquet integral. The aggregation can then be written
Cf (x)
m

n
n
]
^
X
X
g f
f
fj ).
= m({i}) ˜· xi +̃
m({i, j}) ˜· min(
xi , x
i=1

{i,j}⊆N

The minimum of two trapezoidal fuzzy numbers can be summarised by 8
parameters (a, b, λ− , α′ , α′′, λ+ , β ′ , β ′′) representing two upper piecewise linear
shape functions passing through the following points: (a − α′′ , 0), (a − α′ , λ− ),
(a, 1), (b, 1), (b+β ′ , λ+ ), (b+β ′′, 0). Figure 6 represents these 8 parameters. Let
f be the minimum of two trapezoidal fuzzy numbers. One can easily obtain
m
that
α′ + λ− α′′
f) = a −
and
M − (m
2
β ′ + λ+ β ′′
f) = b +
M + (m
.
2
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1
λ−
λ+

a − α′′

a − α′ a

b + β′

b

b + β ′′

Fig. 6. The minimum of two trapezoidal fuzzy numbers

Furthermore, one can see that for any fuzzy numbers xe and ye and any real
number p, M± (p ˜· xe) = pM± (xe) and M± (xe +̃ ye) = M± (xe) + M± (ye) 8 .
For any alternative x ∈ A we therefore have
M± [Cfm (x)] =

n
X
i=1

m({i})M± (f
xi ) +

n
X

i,j=1
i6=j

fj )).
m({i, j})M± (min(f
xi , x

This shows that in this particular case where the partial evaluations are trapezoidal fuzzy numbers and where we restrict to a 2-additive fuzzy number, the
possibilistic mean of the global evaluations of the alternatives can be very
easily calculated.
The following section shows how to determine the coefficients of the set function m used in the definition of the fuzzy extension of the Choquet integral.

7

Assessment of the coefficients of m

The method described in Section 6 presents how to build two possible rankings
and a best choice recommendation on alternatives which have fuzzy partial
evaluations on a set of criteria. These evaluations are aggregated by means of a
fuzzy extension of the Choquet integral presented in Section 5. One important
point concerns the assessment of the coefficients of the set function m which
is the Möbius transform of the fuzzy measure v (see Section 4).
Even if one restricts the model to a 2-additive Choquet integral, the number
 
P
of coefficients which have to be determined for the aggregation is 2i=1 ni =
n(n+1)
.
2

It seems obvious that neither the coefficients of the fuzzy measure v, nor

8

M± is an abbreviation to avoid the writing of two similar formulae for M+ and
for M−
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those of its Möbius transform m have a clear meaning to the decision maker.
Therefore the large number of coefficients linked to an unclear semantics of v
or m lead us to think that an alternative possibility has to be explored.
In [13] we have explored the sorting of alternatives by means of a Choquet
integral in a universe of crisp partial evaluations. The idea is to ask the decision maker to provide information on a set of prototypes. A prototype is an
alternative which is well known to the decision maker and which belongs to
his domain of expertise.
A decisive hypothesis has to be done here. As a prototype is a well-known
alternative for the decision maker, we suppose that it is also well-defined, and
has therefore crisp partial evaluations. We are aware that this assumption is
very strong and may be a weakness of our proposal. We nevertheless think that
it is reasonable to suppose that the decision maker, as an expert of a particular
knowledge field, can provide a few of these well-defined alternatives.
Let us suppose that the decision maker has provided a set P of such prototypes.
We then ask him to determine a total order on the elements of P . Once again,
as he is an expert of the knowledge field we are working on, he should be able
to provide such an order.
The next step is to determine the coefficients of the set function m used in
the definition of the Choquet integral. As we have no guarantee that the total
order provided by the decision maker is compatible with a discrimant function
of the Choquet integral type 9 , the objective is to determine a set function m
which will provide a satisfactory ranking on the prototypes. Therefore, the
following procedure tends to minimise the gap between the ranking given by
the decision maker and the one resulting from the aggregation. Intuitively, for
a given alternative x ∈ P , its Choquet integral Cm (x) should be as close as
possible to an unknown global evaluation y(x), which respects the total order
imposed by the decision maker on the prototypes.
The coefficients of the set function m are determined by solving the following
quadratic program
X
min
[Cm (x) − y(x)]2 ,
x∈P

where the unknowns are
• the coefficients of the set function m;
• some global evaluations y(x) for each x ∈ P .
In order to ensure boundary and monotonicity conditions imposed on the fuzzy
9

The partial order may violate the triple cancellation axiom ([10],[18]) for example.
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measure v, its Möbius transform m must satisfy [3]:


m(∅)



X





= 0,

X

m(T ) = 1

T ⊆N

m(T ) ≥ 0,

∀S ⊆ N, ∀i ∈ S.

T :i∈T ⊆S

The global evaluations y(x) must verify the ranking imposed by the decision
maker. In other words, for every ordered pair (x, x′ ) ∈ P × P , the condition
y(x) − y(x′ ) ≥ ε, ε > 0 must be satisfied 10 .
The solution of the quadratic program gives the coefficients of the set function
m and the global evaluations y(x), ∀x ∈ A. If the objective function equals 0,
then for each alternative, its global evaluation corresponds to its aggregated
evaluation by a Choquet integral. In that case, the ranking obtained by ordering the alternatives according to their aggregated evaluations is consistant
with the ranking on the prototypes. If the objective function is strictly positive, then it was not possible to determine the coefficients of the set function
m in order to respect the ranking on the prototypes. In the ranking obtained
by ordering the alternatives according to their aggregated evaluations, certain
pairs of alternatives may be reversed compared to the ranking imposed on the
prototypes.
It is possible to measure the adequacy of both rankings. The symmetric difference distance δ defined as
δ(R, S) = |{(a, b) ∈ A2 : [xRy and ¬(xSy)] or [¬(xRy) and (xSy)]}|,
where R and S are two binary relations on A, measures the number of disagreements between R and S. Barthélemy [1] shows that δ satisfies a number
of naturally desirable properties. In our case, we can measure the symmetric
difference distance between the ranking imposed on the prototypes, and the
one obtained by the use of a Choquet Integral. By using δ it is now quite easy
to measure the adequacy of both rankings.
If the decision maker is satisfied with the model built on the prototypes (let
us suppose that the δ distance is small), the next step is to determine the
global evaluations of the alternatives of A which have fuzzy partial evaluations.
The coefficients of the set function m, determined by the procedure we just
described, are used to aggregate the fuzzy partial evaluations by means of the
extension of the Choquet integral presented in Section 5.
10

In practise, one of the main problems is to fix the value of ε. We think that it
has to be chosen in ]0, 1p [ where p is the number of prototypes considered by the
decision maker.
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8

Concluding remarks

In this paper we have presented an extension of the Choquet integral to fuzzy
partial evaluations in the case of multiple criteria decision support. This extension is very simple as we use the representation of the Choquet integral
by means of the Möbius transform. We have presented two rankings and a
best choice recommendation on the alternatives and we have shown how it is
possible to determine the coefficients of the Choquet integral.
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